In this paper, we establish necessary and sufficient conditions for the doubleness all of the eigenvalues, except the lowest, periodic and anti-periodic problems for Hill's equation in terms of the potential q(x).
Introduction
In the present paper we study the Hill's operator
in the Hilbert space L 2 (0, 1), where q(x) = q(x + 1) is an arbitrary real-valued function of class L 2 (0, 1). The closure in L 2 (0, 1) of the operator L H considered on C ∞ [0, 1] is the maximal operator L H with the domain D( L H ) = {y ∈ L 2 (0, 1) : y, y ′ ∈ AC[0, 1], y ′′ − q(x)y ∈ L 2 (0, 1)}. 
Here we use subscripts D, N, DN, ND, P and AP meaning Dirichlet, Neumann, Dirichlet-Neumann, Neumann-Dirichlet, Periodic and Anti-Periodic operators, respectivelly. By σ(A) we denote the spectrum of the operator A.
Consider the Hill's equation in the Hilbert space L 2 (0, 1)
where q(x) = q(x + 1) is the real-valued function of class L 2 (0, 1). By c(x, λ) and s(x, λ) we denote the fundamental system of solutions eqution (1.1) corresponding to the initial conditions c(0, λ) = s ′ (0, λ) = 1 and c ′ (0, λ) = s(0, λ) = 0.
Then we have the representations (see [1] )
where
The following theorems are the main results of our previous work for the Sturm-Liouville operator [2] Theorem 1.1 (see Theorem 1.1. in [2] ). The spectrum of L DN coincides with the spectrum
We assume, without loss of generality, that 0 ∈ σ(L N ( 1 2 ) ). The following theorem is the main result of this paper Theorem 1.3. All roots of
are double roots, except the lowest, if and only if 
Then all of the eigenvalues {λ n } ∞ 0 of L P , except the lowest, are roots of the following system of equations
and all of the eigenvalues {λ ′ n } ∞ 1 of L AP are roots of the following system of equations
For all {λ n } ∞ 1 we have two linearly independent eigenfunctions c(x, λ n ) and s(x, λ n ) of L P with properties:
and for all {λ ′ n } ∞ 1 we have two linearly independent eigenfunctions c(x, λ ′ n ) and s(x, λ ′ n ) of L AP with properties:
We construct the following pair of linearly independent solutions   
with propoties
It is clear that for λ = λ n , n = 1, 2, ... these solutions will also be periodic of period 1, and for λ = λ ′ n , n = 1, 2, ... they will be periodic of period 2. Then the following two options are possible:
(I). c(x, λ n ) and y 1 (x, λ n ), n = 1, 2, . . . are linearly dependent, i.e., Wronskian
as well as s(x, λ n ) and y 2 (x, λ n ), n = 1, 2, . . . are linearly dependent, i.e., Wronskian W (s(x, λ n ), y 2 (x, λ n )) = s 1 2 , λ n = 0;
(II). c(x, λ n ) and y 2 (x, λ n ), n = 1, 2, . . . are linearly dependent, i.e., Wronskian
as well as s(x, λ n ) and y 1 (x, λ n ), n = 1, 2, . . . are linearly dependent, i.e., Hence µ n , n = 1, 2, . . . are the eigenvalues of L D , and µ n = ν n , n = 1, 2, . . . are the eigenvalues of L N . We now recall the location of eigenvalues (see [4] 
Then, by virtue of Theorem 4.1 (see [5, p.21] ) and taking into account the fact that µ n = ν n , n = 1, 2, . . . we have
. . . Thereby we have obtained (see [3] )
Thus, we constructed two linearly independent periodic solutions of the Hill's equation of
If c(1/2, ν n ) = 0, n = 0, 1, 2, . . . , then from Theorem 1.1, we get s ′ (1/2, µ n ) = s ′ (1/2, ν n ) = 0, n = 1, 2, . . . . for n = 1, 2, . . . . Using the linearly independence of c(x, ν n ) and s(x, ν n ) we obtain c(1, ν n )s ′ (1, ν n ) = 1, n = 1, 2, . . . .
Then µ n , n = 1, 2, . . . are the eigenvalues of L D , and µ n = ν n , n = 1, 2, . . . are the eigenvalues of L N . Reasoning in the analogous way as described above we get the same results. Thus, we have proved that all the roots of the equation ∆ 2 (λ) = 4 are double, except the lowest.
Remark 2.1. In the particular case when q(x) = q(1 − x) on [0, 1], from Theorem 1.3 we have Theorem 5.1 and Theorem 5.2 [2] .
